Abstract. We give a criterion to determine the large deviation rate functions for abstract dynamical systems on towers. As an application of this criterion we show the level 2 large deviation principle for some class of smooth interval maps with nonuniform hyperbolicity.
Introduction
Let I be a compact metric space with a finite Borel measure m as a reference measure. Unless otherwise stated, m will be normalized Lebegue measure if I is a manifold. We denote by M the space of the Borel probability measures on I equipped with the weak* topology. denotes the empirical distribution along the orbit of f through x ∈ I. We refer to Ellis' book [9] for a general theory of large deviations and its background in statistical mechanics. It is well-known that for a uniformly or partially hyperbolic dynamical system on a manifold with a specification property it satisfies the large deviation principle and the rate function is represented as the difference between the metric entropy and the sum of positive Lyapunov exponents [17, 26] . A similar result as above is also known for piecewise expanding maps, and then the rate function q coincides with the free energy function F given by
where M f denotes the set of f -invariant Borel probability measures, and h µ (f ) the metric entropy of µ ∈ M f for f [23] . The results above on the large deviation principle include Ruelle's inequality, Pesin's and Rohlin's formulas for entropy [12, 18, 21] . Some of the large deviations estimates are also known for nonuniformly hyperbolic dynamical systems. Keller and Nowicki [13] gave a large deviations theorem for a nonrenormalizable unimodal map f : I → I satisfying the Collet-Eckmann condition that: for any continuous function ϕ of bounded variation with positive variance (1) α(ε) := lim n→∞ 1 n log m x ∈ I : | 1 n S n ϕ(x) − ϕdµ 0 | ≥ ε < 0 exists for small ε > 0, where S n ϕ(x) := ϕ(x) + ϕ(f (x)) + · · · + ϕ(f n−1 (x)), and µ 0 denotes the absolutely continuous invariant probability measure. A result correponding to that of Keller and Nowicki above was obtained by Araújo and Pacifico [1] in more general setting of nonuniformly hyperbolic dynamical systems. Melbourne and Nicol [15] gave an induced scheme approach for estimates on the rate functions in dynamical systems modelled by Young towers [28, 29] with summable decay of correlations. All of the results above for nonuniformly hyperbolic dynamical systems are obtained under the assumption of the existence of absolutely continuous invariant probability measures. But the case that the absolutely continuous invariant probability measures do not exist has not been considered. Also, it is unknown yet neither the criteria to satisfy the large deviation principle nor the expressions of the rate functions for nonuniformly hyperbolic dynamical systems. The purpose of this paper is to consider the large deviation principle for dynamical systems from the view point of recurrence times. We offer a little different description of a tower from those already known to consider a kind of specification property for large deviations estimates. The topology on a tower in this paper is slightly coarser than but almost same as that Young [28, 29] introduced, and in which we give a sufficient condition on the shape of a tower to have a property that any orbit not recurrent to the base for arbitrarily long time can be approximated by another one recurrent quickly on a tower. Then a criterion is obtained to ensure the large deviation rate functions for abstract dynamical systems. We show that if a tower satisfies the nonsteep condition mentioned in the next section, then the rate function is explicitly represented by a quantity concerning the difference between the metric entropy and the Jacobian function. The notion of nonsteepness is independent of the decay rate of the tail. In fact, it is possible to have the large deviation rate function for an abstract dynamical system with no absolutely continuous invariant probability measures. On the other hand, there is a tower on which we cannot determine the rate function for a dynamical system although the decay of the tail is exponentially fast. Some of those examples are provided in the third section. Combining the argument on large deviations for abstract dynamical systems with a theory for hyperbolic measures [6, 10, 11] we establish the large deviation principle for some class of smooth interval maps with nonuniform hyperbolicity. It is shown the rate function coincides with the upper regularization of the free energy function. The class of maps for which we can apply the estimates in this paper contains both of Manneville-Pomeau maps [19, 20] and Collet-Eckmann unimodal maps [3, 4, 8, 13, 16, 27] . The author thinks that our result is applicable to a large class of smooth dynamical systems modelled by towers such as considered in [5] . He also thinks that a theory of multifractal analysis is developed from the large deviations estimates of this paper. It will be treated in the forthcoming paper [7] .
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Results
Let (X, B, m) be a finite measure space and consider a decreasing sequence {X k } ∞ k=0 of subsets of X 0 = X with positive measures. Assume that for each integer k ≥ 0 there is a finite measurable partition I k of X k satisfying the following properties:
(1) each J ∈ I k has positive measure; (2) if J ∈ I k intersects with X k+1 then J ⊂ X k+1 ; (3) for any K ∈ I k+1 there is J ∈ I k such that K ⊂ J.
Then we call the pair (Z, A) which consists of the space
and its countable partition
We assume that a bi-nonsingular bijection g J : J → X can be taken for each J ∈ D. Then we call T : Z → Z,
In this paper we assume that a tower map T : Z → Z satisfies both of the admissibility and the bounded distortion conditions as below.
The admissibility condition. For any sequence
It follows from the admissibility condition that for any integer l ≥ 1 the restriction of T l to the set ∩
is isomorphic to the full shift of ♯K l -symbols if K l is nonempty, where
and ♯B denotes the number of elements of a set B.
The bounded distortion condition. There are a version Jac(T ) > 0 of the Radon-Nikodym derivative
, a constant D T ≥ 1 and a sequence {ε k } ∞ k=0 of positive numbers with lim k→∞ ε k = 0 such that for any integer n ≥ 1 and
We remark that Jac(T )(x, k) = 1 holds if x ∈ J for all J ∈ D k . From the bounded distortion condition it follows that
holds for any A ∈ ∨ n−1 i=0 T −i A and z ∈ A. We take for a function ψ : Z → R and n ≥ 1. Notice that for any ψ ∈ F we have lim n→∞ var 1 (S n ψ)/n = 0, where
for each integer n ≥ 1. In fact, for any ǫ > 0 taking N ≥ 1 so that var N (ψ) ≤ ε/2 we have
≤ nǫ/2 + nε/2 = nε whenever z, w ∈ A for some A ∈ ∨ n−1 i=0 T −i A and n ≥ 1 is large enough. To give large deviations estimates for a tower map we define the following notion on the shape of a tower. We say that a tower (Z, A) is nonsteep, or it satisfies the nonsteep condition, if there are sequences
holds for all k ≥ 0 and J ∈ I k . We always assume that the sequences above are monotone, i.e., {l k } ∞ k=0 is nondecreasing and {γ k } ∞ k=0 nonincreasing respectively without loss of generality. Moreover, we say that (Z, A) has bounded slope if the sequences {l k } ∞ k=0 and {γ k } ∞ k=0 above can be taken as constants respectively. It is obvious that if the tower has bounded slope, then the tail decays exponentially fast, i.e., lim sup k→∞ (log m(X k ))/k < 0, and then on which a tower map has the exponential decay of correlation for a function ψ ∈ F such that var n (ψ) converges to zero sufficiently fast [28] .
The main result of this paper is the following:
be a nonsteep tower and T : Z → Z a tower map satisfying both of the admissibility and the bounded distortion conditions. Then for any ψ ∈ F there exists an upper semicontinuous concave function
and lim sup
for all a ∈ R. Moreover, the function q ψ above can be represented by
where M T denotes the set of all T -invariant probability measures on Z and h ν (T ) the metric entropy of ν ∈ M T for T .
The theorem above is applicable to large deviations problems for nonuniformly hyperbolic dynamical systems. In fact, we obtain a criterion to satisfy the large deviation principle for smooth interval maps modelled by tower dynamical systems.
Let I be a compact interval of the real line and m denotes Lebesgue measure on I as a reference measure. We say that a map f : I → I is topologically mixing if for any nontrivial interval L ⊂ I there is an integer K ≥ 1 such that f K L = I. Let f : I → I be a C 2 map of topologically mixing and assume that there are a closed subinterval J of I, a return time function R :
) with lim k→∞ (log γ k )/k = 0 satisfying the following properties:
We remark that the function R does not necessarily correspond to a first return time on J. We say that µ ∈ M f is hyperbolic if the Lyapunov exponent λ(x) := lim sup n→∞ (log |(f n ) ′ (x)|)/n is positive for µ-almost every x ∈ I. It follows from the assumptions for the map f that hyperbolic measures are dense in 
Then combining Proposition 2 with Theorem 1 we obtain the following:
Theorem 3 (The large deviation principle). Let f : I → I be a map satisfying the assumptions above. Then f satisfies the large deviation principle, and the rate function q coincides with the upper regularization of F, i.e.,
Corollary 4 (The Ruelle inequality [21]). For any
It should be noticed that we need the upper regularization for F to get the rate function without assuming uniform hyperbolicity of the map f , because the free energy function itself may not be upper semiconitinuous for a smooth interval map modelled by a tower dynamical system, see [4] .
If f : I → I is a nonrenormalizable Collet-Eckmann unimodal map f : I → I, then a subinterval J can be taken with a return time function R satisfying the assumptions above so that the sequences {l k } ∞ k=0 and {γ k } ∞ k=0 are constants respectively [28] , see also [2] . Then the tower induced from the suspension by the return time function has bounded slope, and then the tail decays exponentially fast. It is known that the map f has an absolutely continuous invariant probability measure µ 0 and the correlation decays exponentially fast for any continuous function of bounded variation [13, 16, 27] . It is also known that all of the invariant Borel probability measures are hyperbolic for Collet-Eckmann unimodal maps [4, 16] .
Let f : I → I be as in Theorem 3 and ϕ : I → R a continuous function. Here ϕ is not assumed to be of bounded variation. Put
respectively. Then the function
is bounded and concave on the interval [c ϕ , d ϕ ]. Thus it follows immediately from the theorem that:
Corollary 5 (The contraction principle).
holds for any a, b ∈ R whenever a = d ϕ and b = c ϕ .
As a consequence we obtain
for α in the large deviations theorem (1) for Collet-Eckmann unimodal maps. The above formula includes the large deviations theorem because F (µ) = 0 holds if and only if µ is an absolutely continuous invariant probability measure, i.e., µ = µ 0 [14] . Another consequence of Theorem 3 follows from a general theory on large deviations in dynamical systems [23, 24] . It is the following:
Corollary 6 (The variational principle of Gibbs type). The limit
exists for any continuous function ϕ : I → R. Moreover, the function P : C(I) → R, the pressure with respect to m, coincides with the Legendre transform of −q, i.e.,
and q(µ) = min
where C(I) denotes the space of the continuous functions on I.
Examples of towers
In this section we give some of examples of towers. Throughout this section let X := (0, 1] and the measure m on X is Lebesgue measure. For a sequence {a k } ∞ k=0
} we obtain a tower (Z, A) as in the previous section.
For integers k with a k+1 < a k we define a linear bijection
Then a tower map T : Z → Z is also defined by
It has no distortion, that is, D T = 1 holds in the bounded distortion condition. 
where
is a decreasing sequence of positive numbers with β 0 = 1 and The stochastic properties of the tower map T : Z → Z are completely determined by the sequence {a k } ∞ k=0 . It is well-known that the absolutely continuous invariant probability measure exists for the map T if and only if the sequence is summable, i.e., ∞ k=0 a k < ∞. It is also known that the central limit theorem holds if ∞ k=n a k ≤ Cn −α (n ≥ 1) for some constants C ≥ 1 and α > 1. Moreover, if the sequence decays to zero exponentially fast, i.e., lim sup n→∞ (log a n )/n < 0, then so does the correlation function [28] . However, the large deviations estimates as in Theorem 1 do not follow from any conditions mentioned above. For example, the sequence {a k } ∞ k=0
given by a k = exp{−8 l+1 } (8 l ≤ k < 8 l+1 , l ≥ 0) decays to zero exponentially fast, but the map T does not have a rate function q ψ as in Theorem 1 for a locally constant function given by ψ(x, k) := 1 (8 l ≤ k < 2 · 8 l , l ≥ 0); = 0 (otherwise). In fact, since
On the other hand, since
Thus, we cannot take a function q ψ to satisfy both of the lower and the upper estimates as in Theorem 1. The tower (Z, A) obtained from the sequence {a k } ∞ k=0 as above is nonsteep if and only if
holds for some sequence {l k } ∞ k=0 of positive integers such that lim k→∞ l k /k = 0. Then the rate function q ϕ is given as in Theorem 1 for any ψ ∈ F. It is given a typical example of the sequence {a k } ∞ k=0 for which the tower is nonsteep by a k = (1 − p) −k (k ≥ 0) with 0 < p < 1. Then for a function defined by ψ(x, k) := 1 (k = 0); = 0 (k ≥ 1) the rate function q ψ satisfies
where H(t, 1 − t|p, 1 − p) denotes the relative entropy, i.e.,
This is a classical result on large deviations obtained by Khinchin [10] . The tower obtained from this sequence is not only nonsteep but also having bounded slope. In general, the tower obtained from the sequence
has bounded slope if and only if
holds for some l ∈ N and c > 0. Another example satisfying the nonsteep condition is given by a k = 1/k (k ≥ 1). Then the sequence {a k } ∞ k=0 is not summable and hence the map T : Z → Z has no absolutely continuous invariant probability measures, nevertheless the large deviations estimates hold by Theorem 1. It should be noticed that the nonsteep condition is not necessary for the large deviations estimates. In fact, the same estimates as in Theorem 1 still hold for the tower obtained from the sequence {a k } ∞ k=0 given by a k = exp{−8 2(l+1) } (8 l ≤ k < 8 l+1 , m ≥ 0), although the tower fails the nonsteep condition. It can be checked that the large deviations estimates as in Theorem 1 valid without the nonsteep condition if the sequence decays super exponentially fast, i.e.,
holds, in general.
Proof of Theorem 1
Let (Z, A) be a nonsteep tower, and T : Z → Z a tower map satisfying both of the admissibility and the bounded distortion conditions. We fix ψ ∈ F and a ∈ R. Then the proof of Theorem 1 is devided into two estimates below:
(1) (The lower estimate)
(2) (The upper estimate) lim sup
The lower estimate. It is enough to show that for any ν ∈ M T with ν(⊔ K−1 k=0 X k × {k}) = 1 and ε, η > 0 the inequality
≥ exp n h ν (T ) − log Jac(T )dν − η holds for any sufficiently large integer n ≥ 1. To prove the inequality above, first we assume that ν is ergodic. Let
Then it is obvious that ν(⊔ A∈∨
holds whenever z, w ∈ A for some A ∈ ∨ n−1 i=0 T −i A K and n ≥ 1 is large. Let
log Jac(T )(T i (w A )) − n log Jac(T )dν| ≤ nη/8
and |S n ψ(z A ) − n ψdν| ≤ nε/8 for some z A , w A ∈ A for each integer n ≥ 1. By the Birkhoff ergodic theorem and the ShannonMcMillan-Breimann theorem ν(⊔ A∈Bn A) ≥ 1/2 holds, and hence the number of elements in B n is not smaller than e n(hν (T )−η/8) /2 for large n ≥ 1. Then we can choose integers k and l with 0 ≤ k, l ≤ K − 1 so that the set
contains at least e n(hν (T )−η/4) (≤ e n(hν (T )−η/8) /(2K 2 )) elements. For large n ≥ 1 and
holds. Then we have
Take A * ∈ ∨ n+k−1 i=0
Then it is obvious that A * ⊂ X 0 × {0} and T n+k+l A * = X 0 × {0}. Let B * n,k,l := {A * : A ∈ B n,k,l }.
Then since m Z (A * ) = m Z (A) for each A ∈ B n,k,l we have
Moreover, for any A ∈ B n,k,l and z ∈ A there is z * ∈ A * such that T k (z * ) = z, and then
The inequality (2) is proved for the case ν is ergodic. For ν ∈ M T not ergodic take a linear combination
For large n ≥ 1 and q = 1, . . . , p put n q := [nα q ] where [·] denotes the Gauss' symbol. Applying the above argument for ν q we can take integers k q , l q with 0 ≤ k q , l q ≤ K − 1 and B * n (q) ⊂ ∨
nq+kq−1 i=0
T −i A K which consists of at least exp{nα q (h νq (T ) − η/4)} elements A such that:
(1) A ⊂ X 0 × {0} and T nq+kq+lq A = X 0 × {0}; (2) m Z (A) ≥ exp −nα q log Jac(T )dν q + η/8 ; (3) |S nq ψ(z) − n q ψdν q | ≤ n q ε/2 holds whenever z ∈ A.
Then for any z ∈ A with A ∈ B * n (q) we have
where r q (n) = n q + k q + l q . Let
where s 0 (n) = 0 and s q (n) = r 1 (n) + · · · + r q (n) for q = 1, . . . , p. Then the number of elements of B * n is not smaller than e n(h ν ′ (T )−η/4) . For each B ∈ B * n take B q ∈ B * n (q) for q = 1, . . . , p with B = ∩ p q=1 T −s q−1 (n) B q and z ∈ B. Then we have T s q−1 (n) (z) ∈ B q for each q = 1, . . . , p, and hence
Therefore,
Moreover, for any z ∈ B with B ∈ B * n ,
From the estimates above we conclude
The inequality (2) is obtained for ν ∈ M T even if it is not ergodic. It finishes the proof of the lower estimate.
Remark 3. The nonsteep condition is not needed for the lower estimate in the above proof.
The upper estimate. To obtain the upper estimate we need a variational principle for dynamical systems of bounded distortion as below. Let (Y, B, m) be a finite measure space and Y 1 , . . . , Y l ∈ B pairwise disjoint subsets of Y with positive measures. We consider a measurable map g : ⊔ l j=1 Y j → Y satisfying the following properties:
for any sequence {a j } ∞ j=0 with a j ∈ {1, . . . , l} (j = 0, 1, 2, . . .) the set ∩ ∞ n=0 Y a 0 ...a n−1 consists of a single point, where | log Jac(g)(x) − log Jac(g)(y)| = 0 and a distortion constant C ≥ 1 such that for any integer n ≥ 1 and
holds whenever x, y ∈ Y J , where W n stands for the set of the words J = (a 0 · · · a n−1 ) of length n with a i ∈ {1, 2, . . . , l} for each i = 0, 1, . . . , n − 1. Then we call g : Λ → Λ a finite Markov system induced by (Y,
It is isomorphic to a full shift of l-symbols, and the space of the probability measures supported on Λ is compact. The following lemma is obtained from a standard argument on the variatinal principle for pressure [25] .
) with a distortion constant C ≥ 1 has an invariant probability measure µ on Λ such that
Proof of Lemma 7. For each J = (a 0 . . . a n−1 ) ∈ W n and p = 1, . . . , l let
and hence
Thus we obtain lim inf
On the other hand, taking x J ∈ Y J ∩Λ for each J ∈ W n we obtain a sequence of probability measures supported on Λ by µ n := 1
Then an accumulation point µ of the sequence {µ n } ∞ n=1 is a g-invariant probability measure supported on Λ. Since
we have
Combining (3) and (4) we obtain
The lemma is proved. Now we show the upper estimate. Take the monotone sequences {l k } ∞ k=0 ⊂ N and {γ k } ∞ k=0 ⊂ (0, 1) as in the definition of the nonsteep condition for T . Put
If β = ∞ then nothing has to be shown, and so we assume that β < ∞. We show that for any ε, η > 0 there is ν ∈ M T with ν(⊔
hold. Take an arbitrarily large integer N ≥ 1 such that
Then it is obvious that
For each A ∈ B N take 0 ≤ k A ≤ N − 1 and J A ∈ I k A such that
and let
Then from the monotonicity of the sequences {l k } ∞ k=0 and {γ k } ∞ k=0 in the assumption on the nonsteepness we have
For j = 1, 2, . . . , l N we set
and hence,
Then we obtain a T Kinvariant probability measure µ on Λ :
holds if N is large. Furthermore, for any z ∈ B with B ∈ B N,j N we can take A ∈ B N with B ⊂ A and z A ∈ A such that S N ψ(z A )/N ≥ a. Then for a large integer N ≥ 1 we have
and
Then,
Since ν ∈ M T and it is supported on
Thus we obtain the upper estimate. This completes the proof of Theorem 1. 
holds whenever z, w ∈ A for some A ∈ ∨ n−1 i=0 T −i A and n ≥ 1. A thermodynamic formalism for dynamical systems satisfying this weak bounded distortion condition has been studied by Yuri [30] .
Proof of Theorem 3
Throughout this section, I denotes a compact interval of the real line and m Lebesgue measure. Let f : I → I be a topological mixing C 2 map satisfying the assumptions stated in Section 2. We notice that the weak* topology on the space M of the probability measures is generated by open sets G of the form
for some ϕ 1 , . . . , ϕ l ∈ C(I), α 1 , . . . , α l ∈ R and ε > 0, where C(I) denotes the space of the continuous functions on I. Thus, the proof of Theorem 3 is reduced to the estimates on the level 1 large deviations for given ϕ ∈ C(I) and a ∈ R as follows:
where q is the upper regularization of F ,
The lower estimate. To obtain the lower estimate of the rate function we show that lim inf
holds for any µ ∈ M f hyperbolic with ϕdµ > a. First we assume that µ is ergodic. Taking ε > 0 small enough so that ϕdµ > a + ε. Then there are integers k, l ≥ 1 with
Letting ε → 0 we obtain the inequlity (5) for the case that µ is ergodic.
If µ is not ergodic, then take ε > 0 small enough so that ϕdµ > α + ε and a linear combination µ ′ = α 1 µ 1 + · · · + α p µ p of ergodic and hyperbolic measures µ 1 , . . . , µ p such that
Applying the argument above for each µ q , q = 1, . . . , p, we can take integers k q , l q ≥ 1 with (log l q )/k q ≥ h µq (f ) − ε/4 and pairwise disjoint compact
On the other hand, there are integers K 1 , . . . , K p ≥ 1 such that f Kq (L q ) = I, since f is topologically mixing. For any large integer n ≥ 1 define r 0 (n) := 0 and r q (n) := r q−1 (n) + [nα q /k q ]k q + K q inductively on q = 1, . . . , p, and set Moreover, for any x ∈ B n we have S n ϕ(x) − n ϕdµ Thus, 1 n S n ϕ(x) > ϕdµ − ε > a.
As a conclusion we have lim inf n→∞ 1 n log m x ∈ I : 1 n S n ϕ(x) > a ≥ lim inf
Letting ε → 0 we obtain (5), and hence the lower estimate of the rate function.
The upper estimate. We show that for any ε, η > 0 there exists µ ∈ M f hyperbolic with ϕdµ > a − ε such that This completes the proof of Theorem 3.
